Our method of studyingĤ q ( M r,X ) is to use the syntomic cohomology theory of Fontaine-Messing. Let Ꮽ syn be the full subcategory of Ꮽ consisting of all objects A such that A/pA is syntomic over k. In Section 2, for any object A of Ꮽ syn we define a group H q ((X A , Y ), (r)), which we call the relative syntomic cohomology group. This is a slight modification of the syntomic cohomology group of Fontaine-Messing.
Introduction.
Let K be an absolutely unramified complete discrete valuation field of mixed characteristic (0, p) with perfect residue field k, and V a smooth projective variety over K. In this article, we consider the Chow groups CH r (V ) in the infinitesimal method, which was proposed by Spencer Bloch (cf. [5, p. 24 
]). We review this method in what follows.
First of all, recall the modified version of the Bloch-Quillen formula (cf. [16] )
where, for any scheme Z, we denote by M r,Z the Zariski sheaf of Milnor K r -groups on Z, that is, the sheafification of the presheaf that associates the Milnor K-group K M r ( (U, ᏻ U )) to an open subscheme U of Z. Here, for any commutative ring R, we denote by K M r (R) the group R * ⊗r /H, where H is the subgroup of R * ⊗r generated by elements of the form x 1 ⊗ · · · ⊗ x r with x i + x j = 0 or 1 for some i = j . If r is equal to the dimension of V , the above formula is valid without tensoring Z[1/(r − 1)!] (cf. [10] ). Now assume that V admits a smooth projective model X over the valuation ring W of K (i. This is a covariant functor from Ꮽ to the category of abelian groups. According to the Bloch-Quillen formula, we regardĤ r ( M r,X ) as the formal completion of CH r (V ).
It seems natural to expect that it reflects an infinitesimal behavior of CH r (V ) at the origin. The aim of this article is to study the functorĤ q ( M r,X ), mainly when q = dim V .
As an application of our theory, we prove the following theorem, which was conjectured by Bloch (cf. [5, p. 24] Our method of studyingĤ q ( M r,X ) is to use the syntomic cohomology theory of Fontaine-Messing. Let Ꮽ syn be the full subcategory of Ꮽ consisting of all objects A such that A/pA is syntomic over k. In Section 2, for any object A of Ꮽ syn we define a group H q ((X A , Y ), (r)), which we call the relative syntomic cohomology group. This is a slight modification of the syntomic cohomology group of Fontaine-Messing.
We need to restrict the category Ꮽ to the smaller one Ꮽ syn , since we cannot define the group H q ((X A , Y ), (r)) if A does not belong to Ꮽ syn . We further restrict the category Ꮽ syn to the much smaller one Ꮽ 0 , for a technical reason (since Ꮽ syn contains rings that the author could not control). We remark that the following rings belong to Ꮽ 0 :
• O K /p n O K where n is any positive integer and O K is the integer ring of a totally ramified finite extension of K; • the affine ring of a connected finite flat group scheme over W .
(1)
In Section 3, we make some preliminary calculation about rings in Ꮽ 0 .
In the following theorem, which is proven in Section 4, we compare the Kcohomological functor with the relative syntomic cohomology group.
Theorem B (Corollary 4.6). Let X be a quasi-projective smooth scheme over
In the appendix, we show that the kernel of this map is essentially zero, in the sense of Stienstra (see Definition A. 1 
This spectral sequence induces a filtration on H q ((X A , Y ), (r)). We find an analogous filtration in Stienstra [18, p. 5] . We might wonder whether this filtration corresponds to the "motivic filtration" of Deligne-Beilinson. Roughly speaking, the following theorem says that the top-graded quotient is prorepresentable by a pdivisible group. 
where G c is the connected component of G.
This theorem is proven in Section 6. Taking care of a switch of the twist, we show that those three theorems imply Theorem A in Section 7. In the appendix, we consider the injectivity of the map in Theorem B.
Such a problem might be considered in the equal characteristic situation, which was also proposed by Bloch. He obtained a result in the case of characteristic zero (cf. [2] , [3] , [4, Chapter 6] ). Stienstra got a very general result in the positive characteristic case, by using his theory of the formal de Rham-Witt complex (cf. [18] , [17] , [4, Chapter 6] ). Though we do not use their results, we might see some analogy with those works, as mentioned above. According to Stienstra's theory [18] , it would be interesting to interpret our theory in the context of a generalization of the Dieudonné theory, in which Theorem D plays a basic role. Perhaps further study of the syntomic cohomology groups (like H 2 ((A, k), (M, 2))) will be a guide for a study of a deeper part of the Chow groups (like the albanese kernel). For this point, see Proposition 7.1.
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For an abelian group A and an integer n, we write n A = {a ∈ A | na = 0}. Let k denote a fixed perfect field of characteristic p > 0, W = W (k) the ring of Witt vectors of k, and σ the frobenius on W .
For a ring or a scheme S, S n denotes S ⊗ Z Z/p n Z and 
All sheaves and cohomology groups are taken in the Zariski site, unless stated otherwise.
Syntomic complex.
In this section, we define a relative syntomic complex for a W -scheme. This is a slight modification of the theory of Fontaine-Messing and Kato. Our main references are [11] and [12] .
Let U be a W -scheme such that p N ᏻ U = 0 for some N > 0. We assume that U 1 is syntomic over k, and that there exists a W -immersion U → Z with Z a smooth W -scheme endowed with a Frobenius φ : Z → Z, that is, a morphism of schemes such that φ ⊗ Z/pZ : Z 1 → Z 1 is the absolute Frobenius and such that the diagram . For r ≥ 0 and n > 0, we denote the complexes of sheaves on U Zar (cf. [1, 7.23 
The following sequence is exact for any n, m > 0:
, the proof of [11, I. 1.3] works in this situation as well.
Because of the lemma, we can define
as the inverse limit. We remark that an analogous sequence of (ii) for J [r] n,U,Z with r > 0 is not exact, and hence we cannot define φ r : J
We define a complex (r) U,Z of Zariski sheaves on U to be the mapping fiber of
More precisely, the degree-i part of (r) U,Z is
and the boundary map is given by
We denote by H q (U, (r)) the qth hypercohomology group of the complex (r) U,Z .
To justify the notation, we remark that (r) U,Z is independent of the choice of Z in the derived category D(U Zar ). This can be shown by the same way as in [11, p. 212 
We define the symbol map (r) in completely the same way as in [11, I, Section 3] (also cf. [12, pp. 412-413] ). For the sake of completeness, we copy it here. Let r and r be nonnegative integers satisfying r + r < p. We define the product structure
where (x, y) and (x , y ) are local sections of the degree-i part (J
Z ), respectively. This product structure induces a product
which satisfies an associative law. Denote the immersion U → Z by i. Let Ꮿ be the complex
which is canonically quasi-isomorphic to
We define a morphism of com-
wherex is the image of x in ᏻD and [ ] denotes the PD-structure.
This morphism of complexes induces a canonical homomorphism
which we call the symbol map. Let X be a quasi-projective smooth W -scheme and A an object of Ꮽ syn . Since we assumed X to be quasi-projective, we can find a smooth W -scheme Z endowed with a Frobenius φ and an immersion X A → Z. Hence we can apply the above definitions to the scheme X A . Let Y = X k . Note that we have not only (r) X A ,Z but also (r) Y,Z by considering the composition Y → X A → Z. Definition 2. 3 . Let 0 ≤ r < p. We define the complex (r) (X A ,Y ),Z to be the mapping fiber of the natural map
We denote by H q ((X A , Y ), (r)) and Ᏼ q ((r) (X A ,Y ) ) the qth hypercohomology group and the qth cohomology sheaf of the complex (r) (X A ,Y ),Z , respectively.
Again, these hypercohomology groups and cohomology sheaves are independent of the choice of Z and φ. We remark that the map (r) X A ,Z → (r) Y,Z is injective. Hence, if we write the cokernel of this map by Ꮿ, (r) (X,Y ),Z is quasi-isomorphic to Ꮿ[−1]. But this mapping fiber definition is useful in Section 5. The following lemma, which can be seen easily, may be helpful in considering this complex.
Lemma 2. 4 . Let
be a commutative diagram of complexes. Writing the mapping fiber of a morphism h of complexes by Ᏺ(h), there are two morphisms of complexes:
f = (f C , f D ) : Ᏺ(g 1 ) −→ Ᏺ(g 2 ), g = (g 1 , g 2 ) : Ᏺ(f C ) −→ Ᏺ(f D ).
Then we have a canonical isomorphism
Consider the diagram
where the middle and the right vertical arrows are the symbol maps. The upper row is exact by definition, and the right square is commutative. Lemma 2.5 shows the lower row is also exact. Hence we can define the symbol map
by the unique map α that makes the left square commutative.
Define n (r) Y,Z by the exact sequence
It is enough to show that n (r) Y,Z is acyclic outside [r, ∞). We prove a more precise lemma as follows. 
where F is the inverse Cartier operator. Since each component of complexes 1 (r) Y,Z and (2) is a coherent sheaf, it suffices to prove that 1 (r) Y,Z is quasi-isomorphic to the complex (2) for the étale site. Then, we can assume that X itself has a Frobenius φ and that Z = X. By definition, 1 (r) Y,X is the total complex associated to the double complex
If 0 ≤ q < r, we have a commutative diagram
The lower arrow is injective, and its cokernel is
. Using this repeatedly, we see that 1 (r) Y,X is quasi-isomorphic to the total complex associated to
From this, the assertion follows.
Calculation of PD-algebra.
In this section, we calculate PD-envelope algebras of Artinian rings. The results are used in Sections 4 and 6.
In this section, except in Remark 3.5, we use the following convention:
are the PD-envelope algebras and their PD-ideals.
Note that there is a natural map D → D induced by the obvious maps B → A → A . It is easily seen that
Here we use the following notation: 
Let S be the (p-adic) closure of
This is a subgroup of J Next, we consider the case of r = 1.
We remark that the second term is the same as the right-hand side of (4). This shows that the inclusion map
which has a splitting (inclusion to the second term in the above presentation)
Passing to the limits, we have
Now the following lemma is seen easily. The following remark is used in Sections 4 and 6. (i) For any q > r, we have
is a surjection.
In the appendix, we consider the kernel of the symbol map in (ii). Here we propose an optimistic conjecture, or, perhaps, a hope, as follows. Y ) ) is an isomorphism. Instead of proving Theorem 4.1, we prove a slightly more general proposition.
is an isomorphism, and the sequence
is exact, where the first map is the symbol map. is the complex
is an isomorphism, because it has the inverse map j ≥0 φ j r (note φ r = p q−r φ q ). This implies Proposition 4.3(i).
To prove Proposition 4.3(ii), we first work under the assumptions and notation of (3), and we consider Ᏼ q ((r) X A ) → Ᏼ q ((r) X A ). Define a complex Ꮿ by exactness of
This complex Ꮿ is equal to the mapping fiber of 
respectively. We denote by α r,q the map
By using Corollary 3.2, we see that α r,q is a surjection for any q and is an isomorphism if q ≥ r, so that Ᏼ q (Ꮿ) = 0 if q ≥ r. By (7), this implies that
is an isomorphism if q ≥ r + 1 and is a surjection if q = r.
By using Lemma 3.3, one gets isomorphisms
where the last map " ∞ j =0 φ j 1 " is defined by the similar way as in Lemma 3. 3 . By (7), we get a surjection
By induction, for A as in (3) is in pᏻ T⊗D . Then the fact follows.
Next, we work under the assumptions and notation as in Remark 3.5. Again, we define a complex Ꮿ by exactness of the sequence (7). We remark that J Hence, we get a surjection 
Proof. Consider the spectral sequence
We have E i,j
. Since H d (Y, −) is a right exact functor, the corollary follows from Theorem 4.1(ii).
Remark 4. 7 . The above proof shows that, if Conjecture 4.2 is true, the map in Corollary 4.6 is an isomorphism for any object A of Ꮽ syn .
The Leray spectral sequence.
In this section, let X be a smooth projective scheme over W . This section is devoted to constructing a spectral sequence of Leray type for the relative syntomic cohomology groups H q ((X A , Y ), (r) 
We denote by MF W,tf the category of filtered Dieudonné modules of finite type over W . This is an abelian category (cf. [19] ).
The following fact, due to Fontaine [8] and Kato [11] , plays an essential role in this section: If X is a smooth projective scheme over W of relative dimension 
Note that M p = 0. Let M be an object of MF W,tf . Assume that M is torsion-free. Let A be an object of Ꮽ syn and B, φ, D as in Section 4 (6). For 0 ≤ r < p, we define the syntomic complex (M, r) A,B and the relative syntomic complex (M, r) (A,k) ,B with coefficients in M.
First we define for r ≥ 0
J (M)
[r]
We remark that this group is the inverse limit of the rth filtration subgroups of the sections of the crystals associated to M (on the big crystalline site of Spec(W )) at the PD-thicking (Spec(A), Spec(D n )). We have a connection
[r] We denote by H q (A, (M, r) ) the qth cohomology group of (M, r) A,B . We also define the complex (M, r) (A,k) ,B as the mapping fiber of
A,B −→ J (M)
where the latter complex is defined by using the composition B → A → k. We denote by H q ((A, k), (M, r) ) the qth cohomology group of (M, r) (A,k) ,B .
Again, those cohomology groups are independent of the choice of B, which can be seen by the same method as in Section 2 and [1, 7 .24].
First we study the nonrelative syntomic cohomology groups. 
Let π : (X A ) Zar → (Spec A) Zar be the map of sites induced by the structure mor-
. be a finite filtration (by subcomplexes) of a complex Ꮿ of Zariski sheaves on X A , whose components in negative degrees are trivial. The following fact, due to Deligne, is explained in [13, 3.3] : Let E ·,j 1 (Ꮿ) be the complex of E 1 -terms of the spectral sequence of a finitely filtered complex Ꮿ:
where
We remark that the boundary map of this complex is induced by the connecting homomorphism of
Then there exists (another) spectral sequence
Let Z, T , B, D, and φ be as in Section 4, (5) and (6). We define a filtration
is a quasi-coherent sheaf. Then, the above fact implies the theorem.
We start with an exact sequence
Using this, we define a filtration
is defined to be the complex
Some linear algebra shows that gr
is isomorphic to the complex
. We now define for i ≥ 0 a filtration F i (r) X A ,Z B to be the mapping fiber of
(We use the convention
.) The above remark shows that
Hence, the degree-i component of the complex E ·,j
The following lemma shows that this is a quasi-coherent sheaf and that the global section of this sheaf is equal to the degree-i component of (H
We have an isomorphism of sheaves on Spec(A),
Proof. Since this lemma is independent of φ, we can assume Z = T = X. We remark that
First we deal with the case r = 0. In this case, we have
because the boundary map inˆ · X ⊗ WD ⊗Bˆ i B is aD-linear map andD ⊗ˆ i B is a freeD-module. This proves the lemma in the case r = 0.
Furthermore, the spectral sequence
degenerates at E 1 , by [11, II.2.5] . Consider the natural morphism of spectral sequences from
to (11). We see that the maps on E 1 -terms are injective. Using the fact that the spectral sequence (11) degenerates at E 1 , we see that (12) also degenerates at E 1 , and that the map
is injective. The lemma follows.
It remains to show that the boundary maps of (E 
Proof. We use the same method as in the proof of the theorem. Let 
and we see that
The corollary follows.
Syntomic cohomology and p-divisible groups.
In this section, we study the syntomic cohomology groups H q (A, (M, r) ) and the relative syntomic cohomology groups H q ((A, k), (M, r) ). We begin with a definition taken from [11, II.2.8] . 
it is enough to show that
is an isomorphism if q = r + 1 and is a surjection if q = r. Define a complex Ꮿ by exactness of
T in the proof of Proposition 4.3, we can prove that Ꮿ is acyclic outside [0, r − 1]. Hence (ii) follows. We also remark that the degree-(r − 1)
For (iii), we use the obvious surjection W → k with Frobenius φ = σ . Then (r) k,W is acyclic outside [0, 1], sinceˆ 1 W is trivial. In the rest of this section, we study a relation between the rational points of a p-divisible group and the syntomic cohomology groups. Assume p = 2. Then we have the contravariant equivalence functor ILM of [9, 9.11] , between the category of p-divisible groups over W and the full subcategory of MF W,tf consisting of objects M, which is torsion-free and is of level [0, 1]. (Strictly speaking, the subject of [9] is not p-divisible groups but finite flat group schemes. However, the proof in [9] also works for p-divisible groups, by using the corresponding result of [7, Chapter IV, 1.6 ] instead of [6] .) But since we need a covariant theory, we define, for a p-divisible group G, the object M G of MF W,tf corresponding to G as
Here we use the following notation: Hom denotes the Hom-object in MF W,tf (cf. [19, 1.7] ). W is the object of MF W,tf defined as W q = W (resp., 0) if q ≤ 0 (resp., q > 0), and 
The definition of this map is as follows. Let x ∈ G(A). For each n > 0, define F n as the pullback of the extension
where the right vertical arrow is defined as 1 → x. (This pullback is taken in the We must show that 1 − φ 1 :
Since G is connected, the map V is topologically nilpotent. Hence both of V − 1 are isomorphisms. Thus the lemma follows.
Next, we consider an étale p-divisible group. 
In particular, for any q ≥ 0 we have 
The proof is clear from the definition. 
In particular, for any q ≥ 0 we have
Proof. As in the proof of Proposition 6.2, we see that H q (A, (M, 0)) = H q (k, (M, 0)). To calculate the latter group, we can use the natural surjection
Hence the equality follows. The last assertion follows from (13). is not exact in general. An example for a failure of the injectivity of the first map is given by A = W n with n ≥ 2 and by a p-divisible group G that is a nontrivial extension of Q p /Z p by Q p /Z p (1) . This is a big difference from the equal characteristic situation, which was considered in [3] and [18] . In fact, if A is an object of Ꮽ syn such that the structure morphism W → A factors through k, it is clear that (16) is a split exact sequence. We also remark that, if G is a trivial extension of an étale p-divisible group by a connected p-divisible group, for any object A of Ꮽ 0 , (16) Then the proposition follows from Corollary 6.8. (r) ) and gives the inverse map of κ 1 .
K-cohomological

